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Abstract

We provide analysis of different regimes of diffusion and laminar flow convection combined with bimolecular surface reactions relevant
to biochemical assays performed in microfluidic devices. Analytic solutions for concentration fields are compared to predictions from two-
dimensional finite element simulations for the various operation regimes. The analytic and numerical results extend the transport models
beyond the models commonly used to interpret results from surface plasmon resonance (SPR) experiments. Particular emphasis is placed
on the characterization of transport in shallow microfluidic channels in which the fully developed transport regime dominates rather than
the mass transfer boundary layer transport typically encountered in SPR. Under fast reaction and diffusion conditions, the surfaces saturate
following moving front kinetics similar to that observed in chromatographic columns. Two key parameters relevant to on-chip biochemical
assays and microfluidic sensors are studied and compiled: the capture fraction of the bulk analyte at the surface and the saturation time scale
of the reactive surfaces. The physical processes in the different regimes are illustrated with data from the relevant microfluidics literature.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Mass transfer over reactive surfaces in microfluidic de-
vices is central to exploring and quantifying biochemical
reactions, such as DNA hybridization and antigen-antibody
binding. The small length scales lead to laminar flows (Stone
and Kim, 2001; Stone et al., 2004) and the correspond-
ing high surface-to-volume ratio implies that understand-
ing transport and reactions at surfaces requires special con-
sideration. Many applications depend on the accurate pre-
diction of cell–cell, protein–cell or protein–protein inter-
action at interfaces. Examples include controlling surface
passivation (Green et al., 1999), understanding cell attach-
ment and release from surfaces (Lu et al., 2004) and per-
forming general biochemical assays for sensing applications
(Auroux et al., 2002). The surface plasmon resonance (SPR)
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sensor (Biacore, Uppsala, Sweden) (Fig. 1A) represents an
example of surface-based detection systems that monitor
adsorption of biological molecules onto the surface of a
gold film (Brockman et al., 2000; Malmqvist, 1993; Schuck,
1997). High frequency quartz microbalances (Fig. 1B) have
also been used in similar adsorption studies (Okahata et
al., 1998). Hollow cantilever-based biosensors (Fig. 1C) are
also developed as techniques for measuring adsorption ki-
netics (Burg and Manalis, 2003). Other chip-based detec-
tion systems include fluorescence immunoassays and DNA
hybridization on patterned surfaces, either based on soft
lithography microfabrication (Bernard et al., 2001) or spot-
ting techniques (MacBeath and Schreiber, 2000; Nielsen et
al., 2003). These devices share the common features of a
flow-through channel with reactive surfaces (Fig. 1D). In
all cases, the sample to be analyzed is directed to the sen-
sor element (the reactive surface) by a convective flow and
analytes diffuse to binding sites on the surface.

The steady-state diffusion-limited transport to a surface
in a pressure-driven flow is known as the Graetz Problem

http://www.elsevier.com/locate/ces
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Fig. 1. Microfluidic applications involving convection, diffusion and surface reaction in a flat plat geometry under fully developed parabolic flow conditions.
(A) Surface plasmon resonance (SPR) optical sensor (Biacore Inc.). (B) Quartz Crystal Microbalance (QCM). (C) Suspended Microresonator (Hollow
Cantilever). (D) General schematics describing the transport to surface in microdevices. The initial concentration of sample before the reaction patch is
given to be C0 and the final, well-mixed concentration is Cf . The capture fraction of the analyte passing over is thus given by f (L, t)=1−Cf (L, t)/C0.
Asymmetric reactions (as for A and B) involve a reaction at the bottom wall only, while symmetric reactions (as in C) involve an identical reaction at
both top and bottom walls.

and it is usually divided into two main operation regimes:
the “entrance region” implying the presence of a mass trans-
fer boundary layer1 and the “fully developed region”, with
bulk depletion of the sample (Deen, 1998). In the context of
microfluidic systems, the entrance region has been studied
in greater details since it is relevant to most SPR systems
(Christensen, 1997; Glaser, 1993; Goldstein et al., 1999).
Two-compartment models, approximating the mass transfer
in the entrance region, have provided additional insight into
transport in SPR systems by taking into account surface sat-
uration over time and reaction-limited conditions (Myszka
et al., 1998; Vijayendran and Leckband, 2001). With the in-
creasing computing power available, the simplified numer-
ical approach represented by two-compartment models is
being replaced by detailed finite element simulations of the
complete transport equations.

From a practical point of view, operating a device in the
entrance regime, as is often done in SPR, leads to low sample
capture fractions. For example, in a typical SPR experiment
operating in the boundary regime with a flow of 5 ��/ min
through a channel of cross-section 50×500 �m2 over a 1 mm
detection zone, the capture fraction f, i.e., the total mass
fraction of a specific bulk protein captured at the surface, is
estimated to be 7% under diffusion limiting conditions. The
remaining 93% of the analyte mass flows above the capture
region and is lost for detection purposes. In this regime, f is
expected to vary with the flow rate Q as f ∼ Q−2/3 (Lok et

1 In this contribution, the term boundary layer strictly applies to mass
transfer boundary layers and never to momentum boundary layers. The
latter are not present since the flows are fully developed laminar flows
as a consequence of the small dimensions in microfluidic channels.

al., 1983). Thus, as the fluid velocity increases, more sample
needs to be consumed in order to obtain a sufficient signal-
to-noise ratio, and consequently, more material is lost in the
medium. In general, microfluidic devices aim to minimize
sample consumption, yet operating in the entrance region
goes against this goal. However, when channels reach the
micron scale and the regime switches to “fully developed”,
the capture fraction becomes much higher, thus minimizing
the detection losses.

The standard entrance region model provides poor esti-
mates for intermediate to high capture fractions. High cap-
ture fractions are likely to be needed when expensive or short
(small) plug-like samples are to be used. These samples can
come from discrete sources, such as a single cell analysis
device (Huang et al., 2004), or a sample released from a
picoliter compartment (Thorsen et al., 2002) to a detection
surface. In these circumstances, the models developed for
standard SPR are not appropriate. Laminar flow transport
models are needed to describe systems with channel widths
approaching a few micrometers as in recent lab-on-a-chip
systems (Craighead, 2000).

The main goal of this article is therefore to develop, sum-
marize and discuss expressions for all regimes of operation
relevant to flow-through microfluidic devices involving sur-
face reaction. Particular emphasis is set on understanding
transport in the fully developed region of the Graetz prob-
lem, an oft-encountered but seldomly studied regime in
microfluidics. Through analysis and numerical simulations,
we demonstrate that, for sufficiently thin channels, surface
transport in microfluidic channels occur following moving
front kinetics, similar to the transport in chromatographic
columns. The models are illustrated with experimental
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examples and kinetic data from the microfluidics literature.
The overall analytic procedure provides criteria for design-
ing and operating continuous microfluidic sensors based on
convection, diffusion and reaction of multiple species, from
cells to small molecules.

2. Physical model

2.1. Continuum transport model formulation

The general conservation equations, including a bulk re-
action term, take the form:

�Ci

�t
= − ⇀∇ ·⇀Ni + Rvi , (1)

where the molar flux
⇀

N is

⇀

N = − Di · ⇀∇ Ci + ⇀
v Ci . (2)

Here, Ci is the volume concentration of the ith species, Di is

the diffusivity of the solute,
⇀
v is the fully developed velocity

profile and Rvi is the volumetric rate of species creation
in the bulk. For all surfaces, the boundary conditions on

the molar flux
⇀

N represent the balance between flux to the
surface and surface reaction.

⇀
u · ⇀

N =Rsi . (3)

⇀
u is the surface unit vector (perpendicular and pointing in-
ward). Rsi is the inward flux of species i into the bulk, such
that surface adsorption indicates a negative Rsi term.

Solutions to these equations have been developed for var-
ious geometries, but only the case of flat plates will be
considered here. The lithographic, embossing and ablation
techniques (Madou, 2002) used to create most microflu-
idic systems produce broad and shallow channels. These
channel shapes are desirable in most applications requir-
ing readout of the surface-bound analyte. The fully devel-
oped three-dimensional (3D) laminar axial velocity pro-
file v(height,width) can be represented as a simple function
v(height) except close to the channel’s side walls (Happel
and Brenner, 1965). For studies of mass transfer in channels
with cross-sections of different geometries, such as trian-
gular channels produced from anisotropic etching of silicon
(de Mas et al., 2003), or semi elliptical channels obtained
through isotropic etching in glass (Fan and Harrison, 1994),
solutions for simple cases have been provided in the litera-
ture for the fully developed region (Shah and London, 1978).

To further simplify the analysis, constant diffusivity is
assumed for all species, even though the diffusivity in
protein-dense biological media, such as cellular media, can
be non-linear and highly dependent on protein size, shape
and charge (Elowitz et al., 1999). Bimolecular surface reac-
tions involving reversible binding of species are considered
as being sufficiently general to encompass the majority of

surface association/dissociation reactions encountered in
molecular biology. The rate equation takes the form

�Cs

�t
= konCw(Cs0 − Cs) − koffCs , (4)

where Cw is the analyte concentration (proteins, DNA
oligomers, etc.) in the channel near the reactive wall. Cs ,
the concentration of surface bound analytes, is a function
of position on the surface. Cs0 is the total number of bind-
ing sites. kon and koff are respectively the association and
dissociation rate constants of the bimolecular reaction (with
units M−1 s−1 and s−1).

With the assumptions that the channel must be broad and
shallow (w � h), and considering that bulk reaction is neg-
ligible compared to surface reactions (Rvi =0), the transport
equations and boundary conditions simplify to a 2D prob-
lem (Table 1). It is useful to scale the equations in order to
reveal the dimensionless parameters governing the system.
The resulting scaled equations take the form:

��(�, �, �)

��
=
(

�2�(�, �, �)

��2 + 1

Pe2

�2�(�, �, �)

��2

)

− v(�)
��(�, �, �)

��
, (5)

��s(�, �)

��
= �Da[�(� = 0, �, �)(1 − �s(�, �))

− K̄D�s(�, �)], (6)

with the dimensionless parameter groups for axial position
� = zh−1Pe−1, channel height � = x/h, normalized trans-
verse diffusion time �=Dt/h2, relative adsorption capacity
� = C0h/Cs0 and concentrations �i = Ci/Ci0. Pe = Uh/D

and Da = konCs0h/D are respectively the Péclet (Pe) and
Damköhler number (Da). K̄D = koff/koff(konC0) is the di-
mensionless equilibrium dissociation constant and v(�) is
the normalized fully developed laminar flow velocity profile
depending solely, in 2D, on the normalized height parame-
ter � (Table 1). Eq. (5) and (6) are coupled by a flux balance

at the wall (
⇀
u pointing inward)

��(�, �, �)

��

∣∣∣∣
�=[0,1]

= −1

�

��s(�, �)

��
. (7)

2.2. Physical interpretation of �, Da and �

The dimensionless parameters appearing in Eq. (5)–(7)
simplify the equations and reveal important characteristics of
the physical system. �=C0h/Cs0 corresponds to the relative
density of analytes between the bulk and the fully saturated
surfaces (a measure of surface adsorption capacity relative
to the bulk). It arises when matching the units of surface
concentration and bulk concentration. A small � indicates a
high relative surface capacity leading to a longer saturation
time. When Da � 1, the transport to the surface is strongly
diffusion-limited, while at Da � 1, the transport becomes
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Table 1
Complete equation system describing diffusion, convection, and reaction in a 2D channel in dimensional and scaled form

Coordinates x = [−h/2, h/2], z = [0, L] (O at center left of channel) x = [0, h], z = [0, L] (O at lower wall left of channel)

2D bulk transport �C(x,z,t)
�t = D

�2C(x,z,t)

�x2 + D
�2C(x,z,t)

�z2 − v(x)
�C(x,z,t)

�z

Surface reaction �Cs(z,t)
�t = konC(x = xwall, z, t) (Cs0 − Cs(z, t)) − koffCs(z, t)

Normalized bulk transport ��
�� = �2�

��2 + 1
Pe2

�2�

��2 − 3
2 (1 − 4�2)

��
��

��
�� = �2�

��2 + 1
Pe2

�2�

��2 − 6�(1 − �)
��
��

Surface reaction ��s
�� = �Da

[
�w(1 − �s ) − K̄D�s

]
Both walls One wall only

Boundary condition #1 ��
��

∣∣∣
�=0

= 0 (symmetry) ��
��

∣∣∣
�=0

= − 1
�

��s
�� (reaction at wall 1)

Boundary condition #2 ��
��

∣∣∣
�=1/2

= − 1
�

��s
�� (reaction at walls) ��

��

∣∣∣
�=1

= 0 (insulation at wall 2)

Initial, inlet, and outlet conditions �(�, �, � = 0) = 0, �s (�, � = 0) = 0, �(�, � = 0, �) = 1,
��
��

∣∣∣
�=∞ = 0

limited by the reaction at the surface and a flat (constant)
concentration profile can be expected across the channel.

The diffusion/convection length scale, �, also known as
the Graetz number (Gr), is an important parameter in this
study as it controls the transitions in mass transfer from the
entrance region to the fully developed region. Physically, at
� = 1, the time scale required for diffusion across the chan-
nel height becomes the same as the time scale required for
crossing a distance z at velocity U. For � < 1, the convection
time scale is shorter than the diffusion time scale and a por-
tion of the analytes in the channel are not able to “reach” the
reactive surface exiting the sensing region. The result is the
appearance of a mass transfer boundary layer. For � > 1, an-
alytes have plenty of time to diffuse to the reactive surfaces
and no mass transfer boundary layer develops. In the case of
a reaction on both top and bottom walls, the diffusion time
scale becomes t̄d = h2/4D as a molecule is at most half a
channel height away from a reactive wall. Nevertheless, for
consistency, the scaling of � and � based on reactive surface
will be used throughout this paper.

Table 2 provides typical operating conditions and corre-
sponding dimensionless parameters for three often studied
microfluidic applications: antibody–antigen (Ab–Ag) inter-
action, Streptavidin–Biotin affinity, and DNA hybridization.
These examples span the range of applications, typical den-
sity of immobilized probes or “reactive sites”, and lengths
scales (�m to mm).

3. Analytic solutions and numerical simulations

The non-linear convection/diffusion/reaction problem
summarized in Table 1 can be solved numerically (e.g., by
using finite element methods) to provide an accurate so-
lution to a specified set of parameters. Analytic solutions,
when feasible, provide insight into the relationship between
parameters (space, time, rate constants, etc.) and dependent
variables (bulk and surface concentration, capture fraction,
etc.). No complete analytic solutions exist to the whole

problem due to the non-linear surface reaction term, but the
solution space can be segmented into physically relevant
parameter regimes for which analytic solutions exist. In par-
ticular, the transport equations can be decomposed in two
accurate analytic solutions for � � �crit and � � �crit , where
�crit represents the critical value from which the two analytic
models have the same relative error compared to the numer-
ical solution. These solutions can be subdivided once more
depending on whether the surface Damköhler number is
finite (partially reaction-limited) or infinite (fully diffusion-
limited). The numerical simulations and analytic solutions
provide complementary physical insights into coupled trans-
port and reaction phenomena in microfluidic applications
while also serving as a firm basis for device design.

The complete transport problem with a bimolecular re-
action at one or both surfaces (Table 1) was simulated by
finite element methods implemented in FEMLAB (Comsol
AB, Stockholm, Sweden). Since many studies have been
conducted for the entrance case −� � 1, which is particu-
larly relevant to SPR (Glaser, 1993; Goldstein et al., 1999;
Yarmush et al., 1996), the present simulations are primarily
aimed to characterize the fully developed region.

3.1. The Graetz problem in mass transfer

In most applications involving high relative adsorption
capacity (low �), the bulk concentration reaches a steady
state value much before the surface has been significantly
saturated. The transport in the bulk can then be assumed
to be in pseudo steady state with respect to the surface at
all times. Moreover, in most microfluidic applications, the
axial convection is much faster than the axial diffusion, i.e.,
Pe � 1. Pe is usually on the order of 102–104. As a result
axial diffusion can be neglected and the simplified, scaled,
transport problem, known as the Graetz problem in heat
transfer, then takes the form:

�2�(�, �)

��2 = v(�)
��(�, �)

��
. (8)
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Table 2
Three typical examples of microfluidic applications

Protein A33 immunoassay Streptavidin/bBSA Single mutation detection
binding in suspended using DNA- oligomer
microresonator hybridization

Flow rate Q 1 �� min−1 0.0024 �� min−1 1 �� min−1

Width w 0.5 mm 0.02 mm 0.5 mm
Height h 0.05 mm 0.001 mm 0.05 mm
Average velocity U 0.67 mm s−1 2 mm s−1 0.67 mm s−1

Diffusivity D ∼ 10−4 mm2 s 6 × 10−5 mm2 s 4.3 × 10−5 mm2 s
Length of bed L 0.1 mm 2 mm 400 �m (round spot)
�L = LDw

Qh
0.007 60 0.01

kon 2.4 × 105 M−1 s−1 1.2 × 105 M−1 s−1a ∼ 1.2 × 105 M−1 s−1b

koff 3.5 × 10−3 s−1 ∼ 0 ∼ 2.1 × 10−4 s−1b

Cs0 70 fmol mm−2 70 fmol mm−2a 8 fmol mm−2

C0 0.1 �Mc 0.1 �Mc 0.1 �Mc

� = C0h/Cs0 0.07 0.0014 0.6
Da ≡ konCsoh/D ∼ 10 0.14 ∼ 1
Pe = Uh/D 335 17 335
K̄D = koff/konC0 0.14 ∼ 0 0.02
Reference Catimel et al. (1997) Burg (2004) Wang et al. (2003)

aPolzius et al. (1997).
bOkahata et al. (1998).
cOrder of magnitude commonly found in cell signaling proteins.

The coupled, nonlinear boundary condition found in Eq. (6),
implies that the system composed of Eq. (7) and (8) generally
has to be solved numerically. However, in cases where Cs �
Cs0 (at sufficiently small times), the bimolecular surface
reaction, Eq. (4), reduces to a pseudo first order reaction and
the boundary condition becomes linear:

��(�, �, �)

��

∣∣∣∣
�=0

= Da�(� = 0, �, �). (9)

The linear system, which is relevant to practical cases,
can be solved analytically (Table 3 ) using the method of
separation of variables to obtain an eigenfunction expan-
sion of the solution (Papoutsakis and Ramkrishna, 1981).
The exact form of the eigenfunction expansion has been
provided for the circular pipe and parallel plate geome-
try with rapid reaction at both walls (Brown, 1960). In
Table 3, we also introduce the exact form of the eigen-
function expansion for the case of parallel plates with re-
action at only one wall, including the first five expansion
coefficients and eigenvalues for the fully diffusion-limited
case.

These analytic solutions converge slowly: after a five term
expansion, the maximum relative error on the concentration
is still ∼ 5%. However, the complete set of functions is
only necessary when the full 2D concentration profile must
be mapped. For most practical applications, the time scale
of saturation of the substrate or the fraction of mass bound
to the surface is of primary interest rather than the detailed
concentration profile in the fluid channel. In those cases,
the general solution can be separated according to different

parameter regimes and analytic solutions calculated with
respect to the velocity-weighted, or “mixed-cup” bulk
concentration

�b(�, �) =
∫

cross
section

�(�, �, �)v(�) d�, (10)

where v(�) is the normalized velocity profile (see Table 3).

3.2. Capture fraction of a bed and saturation time scales

The total capture fraction of a bed of length L represents
the fraction of analytes adsorbed on the surface after one
passage, specifically:

f (L) = C0 − C(L)

C0
= 1 − �b(L). (11)

The saturation time scale is defined herein as the time re-
quired for saturating 95% of the available binding sites for
the analyte. When the reaction is fully diffusion-limited,
solutions depend only on the diffusivity, and for reaction
limited situations, only the reaction constant is involved.
For intermediate cases, the saturation time will depend on
both diffusion and reaction rates, making it possible to ex-
press it as a function of Da. This parameter and the diffu-
sion/convection length scale �, are the two main parameters
for characterizing surface capture and transport phenomena
in microfluidic devices. The possible regimes are summa-
rized in Table 4 and discussed in detail in the following
sections.
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3.3. Solutions for fully diffusion-limited situations

3.3.1. Entrance region (� � 1) and Da → ∞
The mass transfer entrance region arises when the diffu-

sion time scale (t̄d = h2/D) is much greater than the axial
convection time scale (t̄c=z/U), such that �= t̄c/t̄d � 1 and
a mass transfer boundary layer of thickness � � h appears.
This problem was analyzed early in the SPR literature (Lok
et al., 1983). It is also common in flow-through devices,
such as quartz microbalances and any other surface-based
sensors.

The bulk concentration along the channel length can be
computed using a mass transfer coefficient approach (Bird
et al., 2002)

��b(�, �)

��
= −nwSh(�b(�, �) − �w(�, �)), (12)

where the Sherwood number Sh, is the mass transfer coef-
ficient (km) scaled by the characteristic length scale (l) and
the diffusion coefficient (D) (i.e., Sh ≡ kml/D). The Sher-
wood number, is defined as the ratio of the gradient at the
wall divided by the driving force for mass transport:

Sh ≡ (��(�, �)/��)wall

�(�, �)bulk − �(�, �)wall
. (13)

The Sherwood number is expressed on a per wall basis. The
index nw takes into account the number of walls participating
in the reaction, nw = 1 for the asymmetric reaction case and
nw = 2 for the symmetric case.

Assuming the surface concentration is 0 (Da → ∞) the
Sherwood number of the entrance (E) region yields the well-
known result:

ShE = 3

�(1/3)

(
3�

2

)−1/3

= 0.978�−1/3. (14)

The dependence on �−1/3 indicates that, as � → 0, mass
transfer to the surface will become very large and the system
will become reaction-limited. Consequently, this regime of
operation is preferred for the determination of reaction rate
constant (as in SPR systems).

By solving Eq. (12) with the expression of the Sherwood
number found in Eq. (14), and using the axial boundary
condition, �b(� = 0) = 1, the bulk concentration remaining
after a distance � can be expressed as

�bE(�) = exp

{
− 3nw

�(1/3)

(
3�

2

)2/3
}

= exp{−1.467nw�2/3}. (15)

For sufficiently large Da, the flux to the surface is mass
transfer-limited and constant at any given position down
the channel. As a result, the surface concentration increases

linearly in time and the saturation time can be expressed as

nw

�

��s

��
+ ��b

��

∣∣∣∣
z=L

= 0

⇒ �s = �

nw

ShE(L)�b(L)�. (16)

For small �, �b(�) → 1. The time scale for which the surface
becomes 95% saturated, i.e., �s-sat → 0.95(1 + K̄D)−1, is
thus given by

T0.95 = h2

�D(1 + K̄D)�b(L)

0.95

0.978
�1/3

≈ 0.97
h2

�D(1 + K̄D)
�1/3. (17)

This expression is valid when the transport is strongly dif-
fusion limited. This situation arises in the case of slow dif-
fusing species such as DNA strands or large proteins flowed
over a bed of highly concentrated probes.

3.3.2. Fully developed region (� � 1), Da → ∞
For the fully developed region, diffusivity is fast enough

compared to the convective time scale so that no boundary
layer appears. The linearization of the flow profile made
in Section 3.3.1 no longer holds since the whole channel
now participates in the reaction, and the full solution to the
transport equations found in Table 1 must be considered.

For the fully developed region, the mass transfer coeffi-
cient can be calculated using the definition of the Sherwood
number in Eq. (13). By integrating Eq. (8), a relation be-
tween the bulk concentration and the flux at the wall is found
to be

��b(�)

��
= −nw

(
��(�, �)

��

)
walls

. (18)

Using these relations and applying them to the eigenfunction
expansion (Table 3), the analytic expression for the Sher-
wood number for large � (Da → ∞) is given by (Shah and
London, 1978)

ShFD = �2
1

nw6
=
{

2.4304 asymmetric reaction case,
3.7704 symmetric reaction case.

(19)

The first eigenvalue �1 of the solution expansion is different
whether symmetric or asymmetric reaction is assumed.

Substituting the fully developed Sherwood number in the
general mass transfer equation, Eq. 12, the expression of the
bulk concentration as a function of distance becomes

�bFD(�) = exp(−nwShFD) = exp

(
−�2

1�

6

)
. (20)

3.4. Critical � value and mass transfer regime change

The successful design and characterization of a sensor
will necessarily require the use of the proper transport model
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Fig. 2. Numerical simulation of the Graetz problem for parallel plate geometry and diffusion limited reaction at both walls. Left: symmetric reaction,
Right: Asymmetric reaction. (A) Numerical simulation of the concentration profile in dimensionless units (�= x/h, �= z/Pe/h). The � axis is presented
in logarithmic scale to emphasize the boundary layer at � � 1. (B) Plot of the normalized bulk concentration �b(�). Comparison of the asymptotic
models for small � (gray, entrance region, see Eq. (15) and large � (black, fully developed region, see Eq. (20) with the numerical model (black dotted
line) over 4 log units in �. (C) Absolute error on the bulk concentration �b(�)analytic − �b(�)numerical.

for a particular device. The absolute maximum error com-
mitted by selecting the wrong model between Eqs. (15) and
(20) goes as high as 18% while the relative error (“model
value”/“numerical value”) is unbounded (Fig. 2).

The simulation presented in Fig. 2 establishes the domain
of validity of the two asymptotic models in the fully con-
vective (Pe → ∞) and diffusion-limited (Da → ∞) regime
at steady state (Graetz Problem, Eq. (8)). The absolute er-
ror on �b(�) on both models is plotted as a function of �
(Fig. 2) for the case of reaction at one or both walls. The
point at which the error is the same for both models is iden-
tified as the transition point (�crit) between the entrance re-
gion and the fully developed region. Its value was found to
be �crit = 0.06 and �crit = 0.22 for the symmetric and asym-
metric reaction cases respectively. These values are consis-
tent since, as mentioned earlier, the real height scale in the
case of the symmetric reaction is h/2, which explains why
�crit is smaller by a factor of ∼ 4 in the symmetric case.

3.5. Solutions for partially diffusion-limited situations

3.5.1. Entrance region: bimolecular reaction or finite Da
numbers

Typically in biology, binding reactions are not sufficiently
fast to be assumed purely mass transfer-limited. Bimolec-
ular surface Damköhler numbers range from less than 1
for very thin structures and slow binding species, such as
DNA, to more than 10 for faster surface reactions, such as
protein–protein interactions. In general, the higher the probe
density at the surface (Cs0), the faster the effective reaction
will be and the higher the Damköhler number.

For first order reactions with finite Damköhler numbers
or bimolecular reaction kinetics, a similarity solution is no
longer possible and only a partially analytic solution can
be found (Hsu, 1968). Nevertheless, this regime, which is
a generalization of the one described in Section 3.3.1, is
useful under a much larger set of reaction conditions often
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appearing in SPR analysis or any sensor operating in the
entrance regime.

In the past, several two-compartment numerical models
have been designed to compute the effective saturation time
scales for this type of problem (Myszka et al., 1998; Vi-
jayendran and Leckband, 2001). Using a semi analytical ap-
proach, others have obtained similar results (Mason et al.,
1999; Wofsy and Goldstein, 2002). They defined the effec-
tive reaction rate equation to be

�〈�s〉
�t

= keff
on (1 − 〈�s〉) − keff

off 〈�s〉. (21)

〈�s〉 is the average concentration along the reaction zone
of length L. The effective association and dissociation first
order rate constants are found in Table 4. A high Sherwood
number, indicating fast mass transport, brings these equa-
tions back to the simple bimolecular rate equation found in
Eq. (4). Analytic expressions for the capture fraction and
saturation time only exist for the cases of fully diffusion-
limited reaction at the surface. In this case, due to the depen-
dence in �s of the effective reaction rates, the rate equation
has to be solved numerically.

3.5.2. Fully developed region: bimolecular reaction or
finite Da

For transport outside the boundary layer regime, the so-
lution derived here is much more tractable than the one pre-
sented in Section 3.5.1. Furthermore, as Da decreases, the
error on the numerical model provided by the fully devel-
oped asymptotic model decreases, thus making it much more
useful than the boundary layer model under certain condi-
tions. The derivation of the results is analogous to the ones
in Sections 3.3.2 and 3.5.1. The Robin boundary condition,
Eq. (9), is used to link the flux at the wall to the concen-
tration near the wall �w(�, �) in Eq. (18). Using these rela-
tions, the expression of the effective Sherwood number for
an arbitrary first order reaction becomes

ShFD(Da) ≡ 1
1

k̄d/r

+ 1

k̄s

→

⎛
⎜⎜⎝ 1

�2
1(Da)

6nw

+ 1

Da

⎞
⎟⎟⎠

−1

, (22)

This result is analogous to the mass transfer coefficient ap-
proach used in the boundary layer theory (Bird et al., 2002).
The two terms represent mass transfer rates k̄d/r (bulk)
and k̄s (surface) added in series such that, when Da →
∞, ShFD(∞) → �2

1/6nw and when Da → 0, ShFD(0) →
0. In this case, however, the partially reaction limited bulk
transfer coefficient k̄d/r depends not only on the flow and
diffusion properties in the bulk, but also on the reaction rate
at the surface. The diffusion/reaction mass transfer coeffi-
cient (per surface) k̄d/r as we define it here,

k̄d/r (Da) = �2
1(Da)

nw6
, (23)

is therefore a function of Da.

Fig. 3. Plot of the effective diffusion/reaction transport coefficient k̄d/r of
the Graetz problem as a function of the Da number (i.e. including finite
first order reaction rate) for the asymmetric case (lower) and the symmetric
case (upper). The dotted horizontal lines mark the respective maxima,
equivalent to the Sherwood number Shsym = 3.7704, Shasym = 2.4304).
The dotted curves represent the best fit according to a three-parameter
model: k̄d/r (Da) ≈ (k̄d/r (Da → ∞)−�) exp(−
1Da)+� exp(−
2/Da)

and the �2 error estimation is given. From the numerical calculations,
we also observe that, when Da → 0, k̄d/r (Da) ≈ Da and the relation
becomes even simpler to use.

Replacing the value of Sh with ShFD(Da) in Eq. (12)
and the value of �w by its flux value using Eq. (9), then
Eq. (18), an alternative notation for the transport coefficient
involving both diffusion and reaction is found to be

��b(�)

��
= − nwShFD(Da)(�b(�) − �w)

= − nwk̄d/r (Da)�b(�). (24)

The value of k̄d/r (Da) is plotted in Fig. 3.
Using an identical approach as in Section 3.3.2, the gen-

eralized bulk concentration profile along the axis for an ar-
bitrary first order reaction is

�bFD(�) = exp(−nwk̄d/r�) = exp

(
−�2

1(Da)

6
�

)
. (25)

This time, the first eigenvalue �1 will vary with respect to
Da and will have to be determined numerically, using the
basis function described in Table 3 and applying the second
boundary condition, found in Eq. (9). The eigenvalue equa-
tion which provided the numerical values of �2

1/6nw vs Da
in Fig. 3 is intractable analytically due to its algebraic com-
plexity. To allow a quick approximate calculation of k̄d/r ,
we therefore provide an approximation of its numerical so-
lution by a three parameter fit (see Fig. 3).

Eq. (27) will only be valid when the surface is not satu-
rated, such that the pseudo first order reaction approximation
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Fig. 4. Numerical simulation of surface transport with a first order sur-
face reaction for parallel plate geometry in the fully developed region.
(A) Plot of the normalized bulk concentration �b(�) for the fully dif-
fusion-limited case (Da = ∞) and for a partially reaction-limited case
(Da=1). Comparison of the asymptotic models with the numerical mod-
els (lowest in the pair of lines for Da = ∞, difference undistinguish-
able for Da = 1) for both symmetric and asymmetric reaction cases in
the fully developed region. (B) Absolute error on the bulk concentra-
tion ��b(�) = �b(�)numerical − �b(�)asymptotic−FD. The error for the
case where Da = 1 (dashed lines), is one order of magnitude lower than
for Da = ∞, which explains why the asymptotic and numerical models
coincide in A.

can be used. For very long capture beds, it implies that the
saturation time constant of the bed can no longer be eval-
uated by assuming a pseudo steady state profile above the
bed. A moving front, or wave-like approach has to be used
and the saturation time has to be deduced from the velocity
of the resulting wave front (see below).

3.6. Critical � value and regime change for finite Da

The critical value of � at which the boundary layer model
is no longer better than the fully developed model cannot be
determined using a straight forward approach in the case of
finite Damköhler numbers since no analytic solution exists
for the entrance region case. The limit needs to be computed
numerically for every value of Da, which renders the process
tedious. However, it is important to note that the usefulness
of the fully developed model over the entrance region model
increases as Da decreases. This can be justified by show-
ing that the error on the model decreases as Da decreases.
This behavior is presented graphically in Fig. 4. The alge-
braic details of the proof are presented in Appendix A.1. By

keeping only the first term in the expansion, the error on
k̄d/r (Da) is 4–6 times less when Da →1. The repercussion
on �b is to reduce the error caused by using the fully de-
veloped region model over for the entrance region by one
order of magnitude (Fig. 4B).

4. Wave-like propagation of bulk concentration

4.1. Convection-limited transport

Reactions in long and thin structures naturally yield higher
� and lower Da compared to the usually thicker microfluidic
channels. The suspended microresonator device introduced
by Burg et al., has this characteristic (see Table 2, entry 2).
Physically, these numbers (�=60, �=10−3, Da=0.1) indi-
cate a rapid axial depletion of the bulk and a diffusion time
scale smaller than the reaction time scale. At low enough
flow rates, the residence time in the device will also be
much longer than the time required for the analyte to bind at
the surface, such that we also enter in a convection-limited
regime. This behavior can be characterized by a convec-
tion/reaction number,

�LDa = DL

Uh2

konCs0h

D
= konCs0L

Uh
, (26)

which compares the time scale for an analyte molecule to
either react at the surface or exit the surface reaction area
by convection, assuming fast axial diffusion. In certain nota-
tions, this convection/reaction number is known as Damköh-
ler’s first number (the diffusion/reaction Damköhler num-
ber (Da) used throughout this paper being the second one).
When �LDa � 1, the transport is reaction limited, while
it becomes convection-limited for �LDa � 1. In the latter
case, binding occurs near the entrance, totally depleting the
bulk. As the surface saturates, more sample will move fur-
ther down the channel to bind and saturate the walls. The
result is a bulk concentration front propagating in a wave-
like fashion throughout the channel. This behavior can be
derived from the transport equations (Table 1) and character-
ized using a kinematic wave—or shock solution—approach
(Rhee et al., 1989).

4.2. Determination of the propagation velocity

When an analyte solution flows over a high capacity sur-
face (� � 1), the solution profile in the bulk of the channel
reaches a quasi steady-state above the reaction surface. Af-
ter a time on the order of the reaction time scale has elapsed,
the surface starts to saturate and a pattern is created which
propagates into the channel at a constant velocity smaller
than the fluid velocity U. This behavior can be simply mod-
eled for limiting cases very far behind and ahead of the
moving front. It can be interpolated for cases in between.
The analytical approach to this task is analogous to capture
in a packed bed in liquid chromatography, since both cases
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exhibit high surface to volume ratio. The elution time for
the solution can therefore be calculated using a similar ap-
proach and depends on the relative adsorption capacity � and
the tightness of binding K̄D .

A simple model of the adsorption can be derived from a
mass balance between the bound mass and the bulk mass
along the channel. By integrating the normalized transport
equation found in Eq. (5) across the channel height and
using the normalized boundary condition in Eq. (7), the bulk
transport equation becomes

��b(�)

��
+ ��̄(�, �)

��
+ nw

�

��s(�, �)

��
= 0, (27)

where �̄(�, �) is the cross-section-averaged concentration
and �b(�, �) is given in Eq. (10). Applying a dimensionless
variable change of the form

�̄ = � − Ueff

U
�, (28)

the problem can be expressed in the referential of the moving
concentration front

U
��b(�̄)

��̄
− Ueff

��̄(�̄)

��̄
− Ueff

nw

�

��s(�̄)

��̄
= 0, (29)

The effective propagation velocity Ueff can be determined
by finding a relationship between �̄(�, �), �b(�, �), and
�s(�, �) and by applying the boundary conditions very far
upstream and downstream of the moving front to yield

Ueff =
(

1 + nw

�(1 + K̄D)

)−1

U . (30)

The front of bulk concentration �b = 1 will thus propagate
at a velocity much inferior to the fluid velocity when � � 1,
which is normally the case. Moreover, it can be observed that
Ueff is minimal when K̄D → 0. This is to be expected since
in this case, no ligand escapes the bed. The mathematical
derivation of this result from the full transport equations is
provided in Appendix A.2.

4.3. Wave profile determination for limiting cases

The analysis provided in the previous subsection only
provides the propagation velocity but does not reveal any-
thing about the profile of the kinematic wave inside the de-
vice. For arbitrary transport conditions, the exact shape of
the wave front can only be determined numerically. How-
ever, two limiting cases exist whether the transport to the
surface is diffusion or reaction limited. These wave profiles
are necessary to predict the capture fraction in a device and
are discussed below.

4.3.1. Fully diffusion-limited wave profiles
Under fully diffusion-limited conditions, the flux to the

surface can be assumed constant throughout the device, as in
Eq. (16). In the reference frame of the moving concentration

Fig. 5. Numerical simulation of bulk concentration and flux peak profiles
for limiting transport situations (nw = 2). (A–B) Fully reaction-limited
case. Da=0.14, K̄D=0 (C–D). Fully mass transfer-limited case, Da=100,
K̄D = 0. The star-dotted curves in B and D represent the analytic models
derived respectively in Eqs. (52) and (31).

front, the bulk concentration profile propagating inside the
channel can therefore be approximated by a two piece-wise
continuous profile:

�b(�̄) ∼
{

1, �̄ < − �̄shift,

�b(�̄), �̄ > − �̄shift,
(31)

where �̄shift t̄d =[�(1+K̄D)]−1 t̄d is the saturation time of the
surface under diffusion-limited conditions, and �b is given
in Eq. (25). The peak shift �̄shift is explained by the time
delay required for the surface to reach its steady state profile
in the reference of the wave front before it starts propagating.

Numerical simulations presented in Fig. 5 confirm both
the profile predicted by Eq. (31) and the peak shift �̄shift
from the origin �̄ = 0. The time dependent capture fraction
of a bed of length L therefore becomes

f (t) ≡ 1 − �b(L)

�b(0)

=
{

1 − �b

(
L

Peh
− Ueff t

U t̄d
+ 1

�(1 + K̄D)

)}
when Da � 1 (32)

4.3.2. Fully reaction-limited wave profiles
When the transport is fully reaction-limited, the con-

centration profile resembles one found in chromatography
columns under continuous sample feed (Cazes and Scott,
2002). The wave front can be accurately approximated by
a complementary error function (Abramowitz and Stegun,
1970) of the form

�b = 1
2 erfc

(
�̄
/√

2	
)

. (33)
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Where the standard deviation, representing the sharpness of
the front (sharpest when 	 → 0), is given by

	 =
√

2




1

nwk̄d/r (Daeff)
. (34)

Daeff is the effective Damköhler number found at the point
of half saturation of the surface, or

Daeff = kon(Cs0 − Ceq/2)h

D
= Da

1/2 + K̄D

1 + K̄D

. (35)

The details of the derivation are found in Appendix A.3. In
Fig. 5B, the concentration profile found in Eq. (33) is con-
firmed by numerical simulations. The corresponding capture
fraction by a bed of length L is therefore expressed by

f (�) = 1 − �b(L)

�b(0)

= 1

2

(
1 + erf

{
�L − Ueff�/U√

2	

})
,

for Da � 1. (36)

In all cases, for these profiles to be observed, the condition
of fully developed regime for � (see Figs. 2 and 4), must be
respected.

4.4. Numerical simulation of the propagating front

A 2D model was created in FEMLAB to confirm the the-
oretical prediction of the propagation velocity of the con-
centration front and its general profile. The model is based
on the general case of protein depletion from a solution in
a binding assay performed in a narrow device in the fully
developed region. To make the simulations physically rele-
vant, the geometry, the experimental conditions, and the data
on protein kinetics are taken from the literature (Table 2).
The first simulation characterizes the passivation of channel
walls using biotinylated bovine serum albumin (BSA) re-
acting with a wall coating of streptavidin in the conditions
of a suspended microresonator. The parameters describing
the model are, in this case, Da = 0.14, Pe = 17, � = 0.001
and K̄D ∼ 0 (Table 2, entry 2). The reaction occurs equally
at both walls and is therefore symmetric. Modeling results
are presented in Fig. 6 in terms of the bulk concentration
�b(�, t), the normalized flux at the wall ��(�w, �, t)/��,
and the surface concentration of bound BSA normalized to
the total number of binding sites �s(�, t). The time scale
chosen is from 100 to 2000 s where each curves is taken
at a 50 s interval. In each of these curves, the time scale
t̄sat = (konC0 + koff)

−1 ∼ 85 s appears to be the time nec-
essary for the wave to enter its self-propagating steady state
(see discussion section).

In Fig. 6C, the emphasis is on early times (< 0.15 s) to
capture the development of the flow on the time scale of
diffusion across the channel height. In this time frame, the
steady state value of the bulk concentration in the absence
of surface saturation is also plotted (Fig. 6A, line with star

markers). The approximation is in agreement with the nu-
merical model when a few diffusion time scales have elapsed
(Section 3.5.2).

A similar analysis is provided in Fig. 7 for the case of
affinity capture at the bottom wall of a 50-�m thick microflu-
idic channel. Given the larger diffusive time scale due to the
increased channel thickness, the fully developed region will
be reached at much higher length scales in this simulation.
Indeed, to obtain this effect, the length of the capture bed
would have to be of at least L = 1 cm (� ∼ 0.7 � �crit) in-
stead of 0.1 mm as presented in the original BIACORE ex-
periment (Catimel et al., 1997). In such a device, a � value
of 5 corresponds to a length L= 7.5 cm. The simulation pa-
rameters for this particular application are then defined by
Da=10, Pe=335, �=0.07 and K̄D =0.14 (Table 2, entry 1).
The reaction takes place only on one side wall in this case.

In both cases, if the transport of the solution above the re-
active surfaces can indeed be characterized using an expres-
sion depending only on � and K̄D , as derived in Eq. (32), all
the time lines should merge into the same curve, represent-
ing the shape of the wave front, when they are presented in
the reference frame of the propagating wave. To illustrate
this behavior, the data is presented again with the variable
change introduced in Eq. (28). Results are presented in
Figs. 6C′–E′ and 7C′–E′. They clearly indicate such a
convergence after long enough times after the analyte has
entered the channel.

5. Discussion

In microfluidics, most analyses assume that at high
enough flow rates, a mass transfer boundary layer will
exist in the device and that the models developed for the
kinetic analysis of the Biacore sensor will apply. This is
not always the case. As the channels become thinner, de-
pletion from the bulk becomes important and the “entrance
region” assumption can no longer be used. Inspection of
Fig. 2 indicates that the model breaks down much before
� = 1. By plotting the absolute error of the bulk concen-
tration for the fully numerical model versus the existing
asymptotic solution, a model-selection criterion, i.e., a crit-
ical value of � above which the fully developed model
provided a better approximation than the entrance model,
arose naturally. The critical values are �crit = 0.06 and
�crit = 0.22 for the symmetric and asymmetric reactions,
respectively. This transition physically corresponds to the
location along the length of the channel at which the mass
transfer boundary layer is disrupted and the depletion in
the bulk becomes significant. Therefore, the validity of
the entrance region models developed for most real-time
detection systems, including SPR systems, breaks down
at �crit .

Reducing the channel height also drives the transport
towards the reaction-limited or even convection-limited
regimes. The reaction-limited regime is captured in the
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Fig. 6. Numerical simulation of flow of biotinylated bovine serum albumin (BSA) between streptavidin-coated walls. The geometry and experimental
conditions are taken to simulate the suspended microresonator. (A) Bulk concentration profile for times ranging from 0 to 0.15 s (�t = 0.005 s). The
star-dotted line is a fit of the fully developed model for Da = 0.14 (nwk̄d/r = 0.27). (B) FEMLAB simulations of flow for three different time points:
100 s (about the saturation time scale), 500 and 1000 s (above saturation time scale and in the propagation wave regime). The gray lines represent
concentration isotherms. (C) Bulk concentration �b(�, t) as a function of � for times ranging from 50 to 2000 s (�t = 50 s). (D) Normalized flux at the
walls for a time range identical to A. (E) Normalized surface concentration of bound BSA (with respect to the total number of binding sites). Time range
identical to A. (C′–E′) Transport simulation in the reference frame of the propagation wave of velocity Ueff , where Ueff/U = 5 × 10−4. The various
time lines converging to a same value after a few time scales t̄sat = (konC0 + koff )

−1 illustrate clearly the development of a kinematic wave.

Damköhler number. Since Da ≡ konCs0h/D for bimolec-
ular surface reactions, as the channel height increases, Da
will decrease correspondingly, to a point where the mass
transfer will become fully reaction-limited for thin enough
structures. However, the reaction can still become limited
by convective transport (�Da � 1) for small channel height
since the convection/reaction number �Da ∝ h−1.

The two examples modeled and presented in the re-
sults section are used to demonstrate the existence of the
convection-limited regimes. Though they are of differ-
ent lengths, channel height and kinetic properties, both
fulfill the criterion �Da � 1. Further physical insights
can be gained from considering the five time scales
present in this transport problem (diffusion t̄d , reaction t̄r ,
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Fig. 7. Numerical simulation of flow of antigens (A33 protein) in a 50-�m thick channel in the fully developed regime. The lower wall is coated with
corresponding antibody (asymmetric reaction). (A) Normalized bulk concentration �b(�, t) as a function of the diffusive/convective length � for early
time points (t =[0, 50] by steps of 10 s). The star-dotted line is a fit of the fully developed model for Da=10 (nwk̄d/r =1.99). (B) FEMLABTM simulation
of flow for three different time points: 100, 500 and 1000 s. The gray lines represent concentration isotherms. (C) �b(�, t) vs � for time points in the
propagation wave regime (t = [0, 2000] by steps of 50 s). (D) Normalized flux at the antibody bed (same time points as (C)). (E) Normalized surface
concentration of bound antigen. (C′–E′) Transport simulation in the reference frame of the propagating front, where Ueff/U = 0.074.

convection t̄c, saturation t̄sat, and propagation t̄p). For the
convection-limited (or wave) regime to occur, both the
time taken for the analyte to diffuse across the channel
(t̄d ) and the time for it to react at the surface (t̄r ) must be
smaller than the time for the analyte to exit the reactive
region (t̄p). No restriction is required on the relationship
between t̄d and t̄r . Consequently, any Da can yield a
convection-limited regime.

In the case of reaction in the suspended microresonator
(Burg and Manalis, 2003), the diffusion time scale t̄d =
h2/D ∼ 20 ms is the shortest of all and represents the time
scale after which steady state is reached in the bulk and,
therefore, the Graetz formulation of the problem can be used
(Fig. 6A). The second time scale, t̄r =(konCs0/h)−1=0.12 s,
is still much smaller than the convection time scale t̄c =

L/U = 1 s, such that t̄d � t̄r � t̄c. The saturation time
constant t̄sat = (konC0 + koff)

−1 ∼ 85 s shows how quickly
the propagation wave will develop throughout the device.
Since we are in the convection-limited regime, the propaga-
tion time constant of the wave front is physically meaning-
ful and can be calculated to be t̄p = L/Ueff ∼ 1530 s. The
ratio t̄p/t̄c = U/Ueff indicates by how much the flow of an-
alytes is retarded compared to the fluid flow. This ratio is
analogous to the number of theoretical plates used in chro-
matography to determine a column’s separation efficiency
(see Appendix A.2). In this case, the retardation factor is
1530 times. In other words, while the fluid will take 1 s to
traverse the reactive region, we predict that the analyte will
propagate through the channel in 24 min given the values
of � and K̄D provided. The modeling results are presented
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(Fig. 6C′–E′) in the reference frame of the bulk solution
propagating at velocity Ueff by using the change of variable
introduced in Eq. (28). The quick convergence of the lines
into one proves the accuracy of the approximation on Ueff
made in Eq. (30).

The on-chip immunoassay described in Fig. 7 can be
analyzed in the same fashion. The various time scales in
this case are t̄d = 25 s, t̄r = 3 s (now transport to surface
is diffusion-limited), and t̄c = 112 s. Though the propaga-
tion time scale t̄c is much larger in this second case, the
retardation factor, U/Ueff = 13.5 is 113 times smaller in
this case. Thus the wave front travels faster in the im-
munoassay than in the resonator, eventhough the fluid
velocity is higher in the latter. This behavior can be ex-
plained by the lower adsorption capacity (higher �), the
lower equilibrium capture fraction (87% instead of 100%),
and the presence of only one reactive wall in the former
case (Fig. 7).

In the perfectly convection-limited case, the propa-
gating front is a step function between a region where
�b(z < Ueff t) = 1 and �b(z > Ueff t) = 0. However, op-
erating in nonideal conditions, the front of concentration
�b = 1 will be preceded by a region where the surface is
partially saturated. Thus the scaling of Eq. (25) implies that
a concentration decay length scale �p ∼ (nwk̄d/r )

−1 will
be perturbed during the formation of the wave. From this
diffusive/convective length scale, it is possible to extract the
propagation length scale required before the wave is fully
formed

lp ∼ Ut̄d

nwk̄d/r

, (37)

For instance, in the structure analyzed in Fig. 6, nwk̄d/r (Da=
0.14) = 0.27, U = 2 mm/s and t̄d = 0.02 s, which yields
lp ∼ 0.2 mm (10% of the channel length).

Once the wave profile has reached steady state, the same
scale can be used to determine the length of the partially
saturated moving front. Indeed, when t̄r � t̄d (or Da � 1)
as in Fig. 5B, the flux curves are exponential in nature and
their full width at half maximum (FWHM) becomes

��1/2 flux ∼ 2 ln 2

nwk̄d/r (Da)
= 1.39

nwk̄d/r (Da)
. (38)

The case of the immunoassay falls in that category (Da =
10), and nwk̄d/r (Da) = 1.99 (from Fig. 3), U = 0.67 mm/s
and t̄d = 25 s, which yields lp ∼ 8.3 mm and ��1/2flux ∼
1.39/kd/r (Da) = 0.82.

However, when t̄d � t̄r (or Da � 1) the flux curves are
Gaussian in shape and their FWHM is therefore approxi-
mated by

��1/2flux ≈ 2	
√

2 ln 2 = 1.88

nwk̄d/r (Daeff)
. (39)

Thus for the width at half maximum of the flux peak
in the resonator (Da = 0.14), we obtain ��1/2flux =
1.88/k̄d/r (Da/2) = 13.7.

In all cases, for a wave to be observed, the condition on
the reaction zone length L � lp must be respected. Given
also that lp ∝ h2, a wave front is much less likely to appear
in thicker microfluidic channels. As in the case of capil-
lary chromatography, when the normalized dissociation con-
stant K̄D is of order one or larger asymmetric peaks appear
in a separation process (Scott, 1992). Under these circum-
stances, the chromatographic analysis becomes much more
difficult.

6. Conclusion

Transport problems involving flow through devices and
surface capture abound in the field of microfluidics. It can
be difficult to select the appropriate model to characterize
device performance as devices vary greatly in geometries
and operation ranges. In many applications, it is not pos-
sible (or simply not desirable) to operate under conditions
that yield a mass transfer boundary layer. This contribu-
tion establishes the limits of the entrance region models
developed for SPR (Biacore) analysis. Through fully nu-
merical simulations and analysis of the classical transport
equations, the intervals of validity of these models are es-
tablished. Most importantly, the analyses and modeling in
this paper focus on fully characterizing transport to surfaces
in the absence of boundary layer and proposes a simple
approach to obtain the diffusion/reaction mass transfer co-
efficient k̄d/r (Da). Application of these coefficients allows
accurate mapping of the bulk and surface concentrations
along the channel and helps determine the expected time
for a surface to saturate. The formation of a moving con-
centration front in long channels is also investigated and its
propagation velocity is linked directly to common experi-
mental parameters. Finally, a few examples from the mi-
crofluidics literature provide concrete examples of the use of
the models.

As the field of total biochemical analysis evolves, flu-
idic modules are bound to be integrated on a very large
scale, both in series and in parallel, and analysis times
will need to be controlled carefully. Saturation time scales
and capture fractions in flow through reactions will be
important parameters to optimize. Moreover, devices will
tend to shrink in size to yield faster analysis times and
more portability, but at the same time, will render bound-
ary layer models useless as the length scale of these
layers would be significantly larger than the channels
themselves. This study represents a start towards system-
atizing the existing knowledge and identifying the key
parameters to consider when designing microfluidics-based
systems.
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Notation

C concentration
D diffusivity
Da Damköhler number (surface-bimolecular)
f capture fraction
h channel height
i index variable
k rate constant
K equilibrium constant
l characteristic length
L length of reactive zone
M Kummer Function
n number
N mass flux
Pe Péclet number
Q flow rate
R reaction rate
Sh Sherwood number
t time
u normal unit vector
U average fluid velocity
v velocity
w channel width
x height position variable
z axial position variable

Greek letters

� boundary layer thickness
� volume-to-surface concentration ratio
� convective/diffusive length scale
� normalized height
� eigenvalue
� moving front variable
	 standard deviation
� normalized time
� normalized concentration

Superscripts/subscripts

0 initial
asym asymmetric
b bulk
c convection
crit critical
d diffusion
d/r diffusion/reaction
D dissociation
eq equilibrium
eff effective
E entrance
FD fully developed
L at position z = L

off reverse (to bulk)
on forward (to surface)
p propagation

r reaction
s surface
sat saturation
sym symmetric
v volume
w wall
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Appendix A. Analytic supplement

A.1. Algebraic proof of the faster convergence of transport
coefficients at lower Damköhler numbers

The proof is made by showing that the higher order contri-
butions to the transport coefficients are given a lesser weight
(coefficients A(Da)i) in the sum as Da decreases. To do
so, the generalized reaction/diffusion transport coefficient is
expanded using Eq. (13) and the eigenfunction expansion
found in Table 3 to give

k̄d/r (Da, �)

= 1

nw

∑∞
i=1A(Da)i

�2
i (Da)

6 exp

(
−�2

i (Da)

6 �

)
∑∞

i=1A(Da)i exp

(
−�2

i (Da)

6 �

) , (40)

when � → 0 and Da → ∞, Eq. (40) slowly converges
to the value of the entrance region Sherwood number ShE

found in Eq. (14). Since �2
i+1/�

2
1 ≈ i2, all terms but the

first ones can be neglected for large �. Keeping the first two
terms of the expansion, the order of magnitude of the error
on k̄d/r (Da, �) will be determined by the ratio of the two
first expansion coefficients A2/A1 at � = 0, assumed to be
small (yet much larger than Ai>2/A1):

k̄d/r (Da, � = 0) ≈ �2
1(Da)

6

⎛
⎜⎜⎜⎝

1 + A2

A1

�2
2(Da)

�2
1(Da)

1 + A2

A1

⎞
⎟⎟⎟⎠

≈ �2
1(Da)

6

{
1 +

(
�2

2(Da)

�2
1(Da)

− 1

)
A2

A1

+O

(
A2

2

A2
1

)}
, (41)
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where the leading order corresponds to the relative error on
k̄d/r (Da)

err(%) ∼
(

�2
2(Da)

�2
1(Da)

− 1

)
A2

A1
. (42)

From Eq. (40), we observe that the error on k̄d/r (Da, �) is
maximum at � = 0, implying that the error calculated in Eq.
(42) represents an upper bound. The error on k̄d/r (Da) is
computed and compared in Table A.1 for Da → ∞ and
Da = 1, and for both symmetric and asymmetric reactions.
It shows that the first term approximation becomes even
more appropriate at smaller Damköhler numbers, as the first
expansion coefficient A(Da)1 will tend to 1, while A2/A1
decreases.

A.2. Development and calculation of the propagation
velocity of a kinematic concentration wave front

After several diffusion or reaction time scales have
elapsed, whichever the longest, the bulk concentration pro-
file, in the reference frame of the propagating wave front,
will reach a steady-state due the constant adsorption along
the walls. The velocity-averaged and cross-section-averaged
concentration will become the same, and �̄(�, �)=�b(�, �)
can be assumed valid at all time t � t̄d . However, this
simplification is not required to obtain the general result for
the propagation velocity.

The propagation wave aspect appears when the equations
are expressed with respect to the reference frame moving at
a velocity Ueff , at which the concentration profile propagates
once it has reached steady state. This approximation is valid
for times for � sufficiently large and for t � (konC0+koff)

−1

the saturation time scale at the surface. This velocity is now
unknown, but can be determined by first using the change
of variable

� = z − Ueff t , (43)

in such a way that the solution can be represented by an
ordinary differential equation with dependent variables of
the form

�(z, t) = �(�). (44)

These satisfy the new boundary conditions

�b = �̄ = 1, �s = 1

1 + K̄D

,

d�b

d�
= d�̄

d�
= d�s

d�
= 0, as � → −∞, (45a)

�b = �̄ = �s = 0,
d�b

d�
= d�̄

d�
= d�s

d�
= 0,

as � → ∞. (45b)

In a first order ODE, these conditions cannot be satisfied
all at once. However, if the problem exhibits a kinematic
wave behavior, then Eqs. (43) and (44) are appropriate. The
solution found is a shock, exhibiting a discontinuity. An
extensive study of their behavior and applications is provided
by Rhee and Amundson (Rhee et al., 1989).

With the new change of variable, and expressing � and �
in terms of z and t, the flux balance in Eq. (27) becomes

Ntot(�) = U
d�b(�)

d�
− Ueff

d�̄(�)

d�

− nw

Ueff

�

d�s(�)

d�
= 0, (46)

giving a differential expression of �s(�, t) as a function of
�b(�) and �̄(�) .

When one is not interested in knowing the exact profile of
the propagation wave (i.e., �b(�) and �s(�)), but only the
velocity of the resulting wave, it can be readily obtained by
integrating Eq. (46) over the whole domain (�=[−∞, ∞]).
The integration gives

∫ ∞

−∞
Ntot(�̃) d�̃ = nw

Ueff

�
[�s(�)]∞−∞ − U [�b(�)]∞−∞

− Ueff [�̄(�)]∞−∞ = 0. (47)

Using the boundary conditions expressed in Eq. (45a), the
result can be rearranged to obtain the key result found in
Eq. (32). To pursue an analogy with chromatography theory,
the ratio

U

Ueff
= 1 + nw

�
(1 + K̄D), (48)

represents here the number of theoretical plates in a capil-
lary column inside which bimolecular surface saturation is
permitted. However, the standard capillary columns assume
purely first order kinetics and further simplify the analysis
by assuming that the walls never saturate (Scott, 1992), the
standard definition of the number of theoretical plates is de-
fined with KD replacing K̄D in Eq. (48), and assuming the
surface never saturates.

A.3. Analytic characterization of the wave front and flux
peaks under reaction-limited transport

Contrary to the chromatography models, where no sur-
face saturation is assumed, the problem addressed here is
highly nonlinear. As a result, the exact expression of the
curve shape can only be found through numerical simu-
lation. However, by assuming pseudo steady state in the
concentration curves (Figs. 6C′, 5E′ and Figs. 7C′, 6E′),
the total flux (or the slope of the concentration curve) near
the inflection point can be approximated accounting for the
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Table 5
Numerical values of eigenvalues and eigenfunction expansion coefficients for selected Damköhler numbers

[a1, a2] [A1, A2] [�1, �2] k̄d/r (Da) Error (%)

Symmetric, Da → ∞ [1.20083, [0.910352, [6.72638, 3.77035 60
−0.299161, 0.0531425, 22.6794
0.160826, 0.0152789, 38.6730,
−0.107437, 6.80881E − 3, 54.6706,
0.0796461] 3.73980E − 3] 70.6695]

Symmetric, Da → 1 [1.05440, [0.996534, [3.10203, 0.801883 10
−0.0702248, 3.00272E − 3, 17.9834,
0.0231974, 3.20666E − 4, 33.7725,
−0.0116351, 8.02227E − 5, 49.6771,
7.04946E-3] 2.93823E − 5] 65.6209]

Asymmetric, Da → ∞ [1.24843, [0.895561, [3.81867, 2.43036 59
−0.383224, 0.0604998, 11.8972,
0.226317, 0.0180406, 19.9241,
−0.160582, 8.17716E − 3, 27.9383,
−0.124437] 4.53590E − 3] 35.9473]

Asymmetric, Da → 1 [1.80850, [0.992098, [2.08371, 0.723641 14
−0.0177920, 6.67512E − 3, 9.67057,
0.0897772, 8.26276E − 4, 17.5723,
−2.03146E − 3, 2.19425E − 4, 25.5244,
0.0321345] 8.30061E − 5] 33.4952]

The reaction/diffusion transport coefficient and the maximum relative error committed by using the fully developed region asymptotic model instead of
the entrance region model is also provided.

partially saturated surface

��b

��̄

∣∣∣∣∣
�=0

= − nwk̄d/r (Daeff)�b|�=0

= − nwk̄d/r (Daeff)/2. (49)

We note that �b = 1/2 at the inflection point.
We also observe that Figs. 6C′, 5E′ and Figs. 6C′, 6E′, the

curves representing the bulk and surface concentration in the
referential of the wave front behave like the complementary
error function (Abramowitz and Stegun, 1970)

1

2
erfc

(
�̄
/(√

2 · 	
))

= 1

2

√
2


	2

∫ ∞

�
exp{−�̃

2
/2	2} d�̃

≈ 1

2

{
1 −

√
2


	2 �̄

}
, if �̄ → 0.

(50)

By comparing the result in Eq. (49) with the slope of the
complementary error function near �̄=0, the effective value
of 	 can be inferred and used to estimate the shape of the
wave front.

− 1

2

√
2


	2 = −nwk̄d/r (Daeff)/2

⇒ 	 =
√

2




1

nwk̄d/r (Daeff)
, (51)

when 	 � 1, the function resembles a step function and the
wave front becomes ideal.

Finally, the total flux to the surface (Figs. 6D′ and 7D′)
being the derivative of the concentration, it is thus normal

to observe that the flux peaks are approximately Gaussian.
On a per surface basis, the flux becomes

1

nw

√
2


	2 exp{−�̄
2
/2	2}

= k̄d/r (Daeff)

2
exp

{
−


4
[nwk̄d/r (Daeff)�̄]2

}
. (52)

This expression is very accurate near the inflection point �̄=0
for reaction with small K̄D . Thus the Gaussian peak model
can be used with confidence to predict the head size of the
wave front for K̄D � 1 and Da � 1, while it only becomes
an approximation at larger K̄D’s and Da ∼ 1 since Eq. (49)
cannot take dissociation rates into account. For Da � 1,
Eq. (31) (and its derivative for the flux) must be used.
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